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It has been found that contrarian oscillators usually take a negative role in the collective
behaviors formed by conformist oscillators. However, experiments revealed that it is also
possible to achieve a strong coherence even when there are contrarians in the system such
as neuron networks with both excitable and inhibitory neurons. To understand the under-
lying mechanism of this abnormal phenomenon, we here consider a complex network of
coupled Kuramoto oscillators with mixed positive and negative couplings and present an
efficient approach, i.e. tit-for-tat strategy, to suppress the negative role of contrarian oscil-
lators in synchronization and thus increase the order parameter of synchronization. Two
classes of contrarian oscillators are numerically studied and a brief theoretical analysis is
provided to explain the numerical results.
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Synchronization represents the emergence of
macroscopic state of an ensemble of coupled
oscillators and focuses recently on the influ-
ence of network topology. Generally, the con-
sidered system consists of identical or non-
identical oscillators with an attractive cou-
pling. However, realistic systems may be
more complicated with both positive and neg-
ative couplings. To understand the role of the
negative coupling, some preliminary stud-
ies have revealed that the negative couplings
a)Electronic mail: zhliu@phy.ecnu.edu.cn
usually suppress the synchronization, which
may be important to the control of unde-
sired synchronization such as the abnormal
synchronization of epileptic seizure. On the
other hand, the negative coupling may also
take positive role in sustaining the functions
of systems. For example, in neuron networks,
the existence of both excitable and inhibitory
neurons is necessary for the formation of dif-
ferent memories. In animals, the competition
between cooperation and defection results in
the co-existence or diversity of animals. In
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this paper, we try to understand the micro-
scopic mechanism of the positive role of the
negative coupling. We reveal that a possible
way to implement the positive role of the neg-
ative coupling is the tit-for-tat strategy, which
may open a new window to study the positive
roles of contrarians.
I. INTRODUCTION
Networks are ubiquitous in both natural and
technical systems. The dynamics of coupled os-
cillators in complex networks has obtained an
increasing interesting. It is found that the collec-
tive behaviors of coupled oscillators depend on
the coupling, network topology, and the intrin-
sic properties of individual oscillators1–3. Most
of the studies are focused on the case of the
same kind of oscillators. However, considering
that real systems are sometimes very compli-
cated, the studies on mixed oscillators with two
kinds of couplings, i.e. conformists and con-
trarians, has recently gotten a great attention4–9.
The conformists are represented by a positive
coupling strength while contrarians by a nega-
tive coupling strength. It is believed that the
positive coupling will force the oscillators to be-
come synchronized while the negative coupling
will drive the oscillators to be out of phase.
A simple model to study the collective be-
haviors of coupled oscillators is the Kuramoto
model. When mixed positive and negative cou-
plings are considered, the Kuramoto model can
show a glass transition and can be also used to
describe the neural networks9–11. For the for-
mer, the positive coupling denotes a ferromag-
netic interaction while the negative coupling de-
notes an anti-ferromagnetic interaction. When
both types of couplings are present, the sys-
tem becomes frustrated. For the latter, the posi-
tive coupling represents an excitatory coupling
while the negative coupling represents an in-
hibitory coupling. In most real systems, there
are contrarians although they are the minor-
ity. For example, in political election or ru-
mor propagation, we have to face the contrari-
ans. In brain, it is well known that the fraction
of excitable neurons is about 75% while that of
inhibitory neurons is about 25%12,13. Several
models have been presented to understand the
role of contrarians. It is revealed that the con-
trarians can lead to rich dynamics such as two
diametrically opposed factions, traveling waves,
and complete incoherence etc5,6. It is also re-
vealed that local contrarians can be used to sup-
press undesired synchronization4. In sum, the
contrarians usually take a negative role in the
formation of collective behaviors.
On the other hand, we see the evidences
that a highly coherence can be finally formed
although there exist some contrarians in the
system. For example, a final winner will be
generated in political election with contrari-
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ans. In neural networks with both excitable
and inhibitory neurons, experiments have shown
the large-scale cortical synchronization14,15 and
synfire propagation in cognitive process where
the signal is carried by a wave of synchronous
neuronal activity within a subset of network
neurons16–19. These results imply that realistic
systems may have their ways to suppress the
negative role of contrarians. Then, an inter-
esting question is how they do that or what is
the possible way to do that. To answer these
questions, we here try to present an approach
to implement the suppression of contrarians in
a mathematical model such as in the Kuramoto
model with mixed positive and negative cou-
plings.
In this paper, we consider a complex network
of coupled Kuramoto oscillators with mixed
positive and negative couplings and present an
efficient approach, i.e. tit-for-tat strategy, to
suppress the negative role of contrarian oscil-
lators in synchronization. We focus on two
classes of contrarian oscillators and numeri-
cally find that the tit-for-tat strategy can increase
the order parameter of synchronization for both
classes. A brief theoretical analysis is provided
to explain the numerical results. In fact, this ap-
proach of tit-for-tat has been widely used in the
aspect of aggression in animals20, humans21, as
well as in the social interaction among differ-
ent bacterial species22, to enforce collaboration
among selfish users. But a theoretical model to
explain its microscopic mechanism is still lack-
ing so far. The tit-for-tat strategy has two rules:
(1) cooperate if your partner cooperates and (2)
defect if your partner defects23–25. We here use
these two rules to the Kuramoto model with
mixed positive and negative couplings.
In the previous studies, a contrarian oscilla-
tor can be distinguished from a conformist os-
cillator by the coupling term in two ways. In the
first way, a contrarian oscillator will receive in-
teractions from its neighbors by a negative cou-
pling strength while a conformist oscillator will
receive interactions from its neighbors by a pos-
itive coupling strength4–6. In the second way, a
contrarian oscillator will give negative coupling
to each of its neighbors while a conformist os-
cillator will give a positive coupling to each of
its neighbors7–9. We here first discuss these two
cases, respectively, and then theoretically show
the mechanism of tit-for-tat strategy in coupled
Kuramoto oscillators.
The paper is organized as follows. In Sec.
II, we present the model and discuss the Case
I of contrarian oscillators receiving couplings
with negative coupling strength. Then in Sec.
III, we discuss the Case II of contrarian oscil-
lators sending negative coupling to their neigh-
bors. After that, we present a brief theoretical
analysis to explain the numerical results in Sec.
IV. Finally we summarize our results in Sec. V.
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II. CASE I: CONTRARIAN
OSCILLATORS RECEIVING
COUPLINGSWITH NEGATIVE
COUPLING STRENGTH
We consider a network of N coupled Ku-
ramoto oscillators. Each oscillator is character-
ized by its phase θi(t), i = 1, · · · , N and obeys
an equation of motion defined as
θ˙i = ωi+λi
N∑
j=1
Aij sin(θj−θi), i = 1, . . . , N
(1)
where λi is the coupling strength of the oscil-
lator i, ωi is its natural frequency, and Aij are
the elements of the adjacency matrix A, so that
Aij = 1 when nodes i and j are connected and
Aij = 0 otherwise. For simplicity, we let all the
coupling strength λi have the same amplitude
λ > 0 with λi = λ for all the conformists and
λi = −λ for all the contrarians. In the network,
the contrarians will be random uniformly mixed
with the conformists. We use ρ to represent the
ratio between the number of the contrarians and
the total number of oscillators, i.e. ρN contrari-
ans and (1− ρ)N conformists in the network.
To measure the coherence of the collective
motion, we use the order parameter R8,26:
ReiΨ =
1
N
N∑
j=1
eiθj , (2)
where Ψ denotes the average phase, and R (0 ≤
R ≤ 1) is a measure of phase coherence. R
will reach unity when the system is fully syn-
chronized and be 0 for an incoherent solution.
As the conformists will attract each other to
form a synchronized cluster and the contrarians
will make each other be out of phase, the fi-
nal formed collective behavior will depend on
the competition between the conformists and
the contrarians. In this sense, the contrarians
will take a negative role to the final formed
collective behavior. There are three kinds of
links in the network: (1) conformist-conformist;
(2) contrarian-contrarian; and (3) conformist-
contrarian. The first two kinds of links are
symmetric while the third one is asymmetric.
To increase the order parameter R of synchro-
nization, our idea is to let the asymmetric links
of conformist-contrarian (the third one) become
a symmetric link of contrarian-contrarian (the
second one) by a probability P , i.e. the tit-
for-tat strategy. This strategy originates from
the game theory such as the Prisoner’s Dilemma
where two individuals can each either cooper-
ate or defect23–25. In this theory, the payoff to a
player is in terms of the effect on its fitness. No
matter what the other does, the selfish choice of
defection yields a higher payoff than coopera-
tion. But if both defect, both do worse than if
both had cooperated. Thus, a safe strategy is
to follow the simple rule of copying the last be-
havior of its partner. In this sense, the tit-for-tat
strategy is proposed to enforce collaboration. In
detail, we first find all the asymmetric links with
λiAij 6= λjAji. Then we let the positive one in
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the pair of λiAij and λjAij become negative by
the probability P .
In numerical simulations, we first take the
random Erdos-Renyi (ER) network with the av-
erage degree 〈k〉 = 6 as an example. We let the
frequency ωi in Eq. (1) satisfy the Lorentzian
distribution of g(ω) = 1
pi
[ γ
(ω−ω0)2+γ2
] with the
central frequency ω0 and γ is the half width
at half maximum27. We let the parameters be
N = 1000, ω0 = 0, γ = 0.2 and ρ = 0.25
in this paper. Fig. 1(a) shows how R changes
with λ where the “solid”, “dashed”, and “dash-
dotted” lines represent the cases of P = 0, 0.4,
and 0.8, respectively. It is easy to see that the
three lines are overlapped when λ is very small
and then they quickly separated when λ is grad-
ually increased. The “squares” in Fig. 1(b)
shows how R depends on P . We see that R
gradually increases with P , indicating that the
tit-for-tat strategy can successfully suppress the
negative role of contrarians in synchronization.
To reveal the underlying mechanism of tit-
for-tat strategy, we introduce two new order pa-
rameters R1 and R2 defined by
R1e
iΨ1 =
1
(1− ρ)N
(1−ρ)N∑
j=1
eiθj (3)
for the group of conformists and
R2e
iΨ2 =
1
ρN
ρN∑
j=1
eiθj (4)
for the group of contrarians. The lines with “cir-
cles” and “triangles” in Fig. 1(b) represent the
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FIG. 1. (color online). Synchronization diagrams
by the tit-for-tat strategy. (a) R versus λ where the
“solid”, “dashed”, and “dash-dotted” lines represent
the cases of P = 0, 0.4, and 0.8, respectively. (b)
R,R1 and R2 versus P for λ = 3.0, where the lines
with “squares”, “circles”, and “triangles” represent
the cases of the total oscillators, the group of con-
formists, and the group of contrarians, respectively.
dependence of R1 and R2 on P , respectively. It
is easy to see that both R1 and R2 increase with
R and are much larger than the corresponding
total R. Especially, R1 will be close to unity
when P > 0.6, indicating that most of the con-
formists has become synchronized. To under-
stand the relationship between the conformists
and contrarians, Fig. 2 shows how the param-
eter P influences the evolution of the average
phases Ψ1 and Ψ2 in Eqs. (3) and (4) and where
(a)-(c) represent the cases of P = 0, 0.5 and 1,
respectively, and (d) represents the dependence
of ∆Ψ on P with ∆Ψ = 〈|Ψ1 − Ψ2|〉. From
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FIG. 2. (color online). Evolution of the average
phases Ψ1 and Ψ2 where (a)-(c) represent the cases
of P = 0, 0.5 and 1, respectively, and (d) represents
the dependence of ∆Ψ on P .
Fig. 2(d) we see that ∆Ψ increases with P and
approaches pi when P is relatively large, indi-
cating that the tit-for-tat strategy has made the
conformists and contrarians become two inde-
pendent synchronized groups with a phase dif-
ference close to pi. Substituting this result into
Eq. (2), we find that the two groups of con-
formists and contrarians will have the opposite
contributions to the order parameter R and thus
make the value of R in Fig. 1(b) much less than
the corresponding R1 and R2.
To understand the phase difference ∆Ψ bet-
ter, we introduce the link frustration fij for a
connected link i− j as follows9,28
fij = cos(θi − θj), (5)
which represents the local dynamical informa-
tion. Depending on the property of nodes
i and j, fij can be classified into three
classes of conformist-conformist, conformist-
contrarian, and contrarian-contrarian. Those
links of conformist-contrarian denote the con-
nections between the two groups of conformists
and contrarians and thus represent the asymmet-
ric interaction between the positive and negative
couplings. The global frustration can be defined
as the network average of fij
F =
∑N
i=1
∑N
j=1 |Aij|fij∑N
i=1
∑N
j=1 |Aij|
. (6)
Fig.3 shows the dependence of F on P
where the three curves with “squares”, “cir-
cles” and “triangles” represent the frustration on
the links of conformist-conformist, conformist-
contrarian, and contrarian-contrarian, respec-
tively. From Fig.3 we see that with the increase
of P , F will approach 1,−1, and 0 for the three
classes of conformist-conformist, conformist-
contrarian, and contrarian-contrarian, respec-
tively. It is not difficult to understand the two
cases of F ≈ 1 and −1 as we have ∆Ψ ≈ 0 for
the links of conformist-conformist with attrac-
tive coupling and ∆Ψ ≈ ±pi for the links of
conformist-contrarian with repulsive coupling.
The case of F ≈ 0 implies ∆Ψ ≈ ±pi/2, in-
dicating that the group of contrarian-contrarian
is not highly synchronized.
To check the influence of network topol-
ogy, we now turn to a scale-free network ac-
cording to the algorithm given by Barabasi-
Albert (BA)29, where the other parameters are
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FIG. 3. (color online). Frustration F versus P
where the three curves with “squares”, “circles” and
“triangles” represent the frustration on the links of
conformist-conformist, conformist-contrarian, and
contrarian-contrarian, respectively.
remained the same as in the case of ER net-
work. In contrast to the homogeneous degree
distribution in the ER network, the BA network
is heterogeneous with a power-law degree dis-
tribution. Thus, except the random uniformly
choosing the contrarian nodes, we also consider
the cases of choosing only those nodes with
larger degrees or smaller degrees as contrarians.
Fig. 4 shows the results where the three curves
with “squares”, “circles” and “triangles” repre-
sent the cases of choosing nodes of contrarians
by random, the higher degrees and lower de-
grees, respectively, and (a)-(c) denote the cases
of R, R1 and R2, respectively. Comparing the
curves with “squares” in Fig. 4(a)-(c) with the
corresponding curves in Fig. 1(b), respectively,
we find that they are similar, indicating that the
tit-for-tat strategy also works for the BA net-
work. Then we notice that all the curves with
“triangles” in Fig. 4(a)-(c) are approximate con-
stant, implying that the nodes with lower de-
grees are not very important. However, we also
notice that all the curves with “circles” in Fig.
4(a)-(c) are sensitive on P only when P > 0.5.
The mechanism can be explained as follows. A
characteristic feature of the BA network is that
the hubs have a large number of links while
the leaves have a few links. When the con-
trarians are chosen from the leaves, the links
of conformist-contrarian will be small and thus
their influence through the tit-for-tat strategy is
also small, resulting the approximate constant
curves with “triangles” in Fig. 4. When the con-
trarians are chosen from the hubs, the links of
conformist-contrarian will be large. However,
as most of the neighbors of a hub are leaves, it is
very possible for those links of hub-leaves to be
chosen for the tit-for-tat strategy when P < 0.5.
We know that the leaves will not take an impor-
tant role in the collective behaviors, thus result-
ing in the insensitive on P in the curves with
“circles” in Fig. 4 for P < 0.5. When P > 0.5,
the possibility to choose those links of hub-hub
or hub-middle nodes for the tit-for-tat strategy
will gradually increase, resulting in the sensi-
tive on P in the curves with “circles” in Fig. 4
for P > 0.5. Similarly, we can understand the
case of choosing the contrarians randomly, i.e.
the curves with “squares” in Fig. 4.
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FIG. 4. (color online). Case of BA network corre-
sponding to Fig. 1(b) where the three curves with
“squares”, “circles” and “triangles” represent the
cases of choosing nodes of contrarians by random,
the higher degrees and lower degrees, respectively.
(a) R versus P ; (b) R1 versus P ; (c) R2 versus P .
In sum, the case of random uniformly dis-
tributed contrarians is much more sensitive to
P , in contrast to the two cases of choosing
the nodes of higher and lower degrees as con-
trarians, indicating that the tit-for-tat strategy
may be more efficient when the contrarians are
random uniformly mixed. This result is a lit-
tle counterintuitive as we usually think that it
would be more efficient to choose the nodes of
higher degrees as contrarians. Thus, this find-
ing is of interesting as it may have some ap-
plications. For example, in the case of epi-
demic spreading, people are more easy to be
vaccinated when the contrarians are random dis-
tributed. For the same reason, in the politi-
cal election, a final winner can be easier to be
generated when the contrarians are random dis-
tributed.
III. CASE II: CONTRARIAN
OSCILLATORS SENDING NEGATIVE
COUPLING TO THEIR NEIGHBORS
In this case, Eq. (1) will be replaced by the
following equation
θ˙i = ωi+λ
N∑
j=1
Bij sin(θj−θi), i = 1, . . . , N
(7)
where λ is the coupling strength of all the oscil-
lators, and Bij = 1 when the connected neigh-
boring node j is conformist andBij = −1 when
the connected neighboring node j is contrarian.
A distinguished difference between Eq. (1) and
Eq. (7) is that in Eq. (1), all the neighbors of
node i are in the same position. While in Eq.
(7), the neighbors of node i are in different po-
sitions, i.e. the conformist neighbors have posi-
tive contribution while the contrarian neighbors
have negative contribution. We keep the other
parameters and the tit-for-tat strategy the same
as in Case I. That is, we let all the asymmet-
ric couplings of Bij = −Bij become symmetric
ones of Bij = Bij = −1 by a probability P , i.e.
the tit-for-tat strategy.
In numerical simulations, we first take the
random ER network with the same parameters
as in Case I as an example. Fig. 5 shows the re-
sults corresponding to Fig. 1. From Fig. 5(b) we
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see that all the three curves gradually increase
with P , indicating the efficiency of the tit-for-
tat strategy. Comparing Fig. 1 with Fig. 5, we
see that they have two differences: (1) All the
curves in Fig. 5 are higher than the correspond-
ing ones in Fig. 1, indicating that the tit-for-tat
strategy is more effective in Case II than in Case
I. (2) When P < 0.2, all the three curves in Fig.
5 are overlapped but separated in Fig. 1. This
is because the coupling term in Eq. (7) is only
determined by the neighbors of node i no mat-
ter node i is a conformist or a contrarian. When
P = 0, Eq. (7) will be statistically the same for
both a conformist and a contrarian and thus re-
sults in the overlap in Fig. 5(b). While the cou-
pling term in Eq. (1) is determined not only by
the neighbors of node i but also by node i itself,
which results in a difference between the con-
formists and the contrarians and thus the sepa-
ration in Fig. 1(b).
Fig. 6 shows the influence of P on the evo-
lution of the average phases Ψ1 and Ψ2, corre-
sponding to Fig. 2. Comparing the correspond-
ing curves in Fig. 6 with that in Fig. 2, we ob-
serve that∆Ψ is close to zero in Fig. 6 but close
to pi in Fig. 2, indicating that the conformists
and contrarians will become two independent
synchronized groups in Case I but stay in the
same synchronized group in Case II.
Fig.7 shows the dependence of F on
P , corresponding to Fig.3. From Fig.7
we see that with the increase of P , F
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FIG. 5. (color online). Case II: Synchronization dia-
grams by the tit-for-tat strategy. (a)R versus λwhere
the “solid”, “dashed”, and “dash-dotted” lines repre-
sent the cases of P = 0, 0.4, and 0.8, respectively.
(b) R and R1,2 versus P for λ = 3.0, where the lines
with “squares”, “circles”, and “triangles” represent
the cases of the total oscillators, the group of con-
formists, and the group of contrarians, respectively.
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FIG. 6. (color online). Case II: Evolution of the
average phases Ψ1 and Ψ2 where (a)-(c) represent
the cases of P = 0, 0.5 and 1, respectively, and (d)
represents the dependence of ∆Ψ on P .
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FIG. 7. (color online). Case II: Frustration F
versus P where the three curves with “squares”,
“circles” and “triangles” represent the frustration
on the links of conformist-conformist, conformist-
contrarian, and contrarian-contrarian, respectively.
will approach 1, 1, and 0 for the three
classes of conformist-conformist, conformist-
contrarian, and contrarian-contrarian, respec-
tively. Comparing Fig.7 with Fig.3 we see that
the two classes of conformist-conformist and
contrarian-contrarian are similar between the
Case I and Case II while the class of conformist-
contrarian changes from F ≈ −1 in Fig.3 to
F ≈ 1 in Fig.7. This point can be understood as
follows: In Case I, the formed two synchronized
groups have a phase difference pi and thus the
two nodes of a link with conformist-contrarian
have a phase difference pi or opposite phase,
which results in F ≈ −1. While in Case II, both
the conformists and contrarians are in the same
synchronized group, which results in F ≈ 1.
Fig. 8 shows the results of BA network cor-
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FIG. 8. (color online). Case II: Case of BA network
corresponding to Fig. 5(b) where the three curves
with “squares”, “circles” and “triangles” represent
the cases of choosing nodes of contrarians by ran-
dom, the higher degrees and lower degrees, respec-
tively. (a) R versus P ; (b) R1 versus P ; (c) R2 ver-
sus P .
responding to Fig. 4, where the three curves
with “squares”, “circles” and “triangles” repre-
sent the cases of choosing nodes of contrarians
by random, the higher degrees and lower de-
grees, respectively. Comparing the three panels
of Fig. 8 with the corresponding ones of Fig.
4, we see that the corresponding panels (b) and
(c) are similar each other while all the curves in
panel (a) of Fig. 8 are approximate two times of
that in panel (a) of Fig. 4, confirming that (1)
there is one synchronized group in Case II and
two synchronized groups in Case I; and (2) the
tit-for-tat strategy is more efficient for the case
of random uniformly distributed contrarians.
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IV. A BRIEF THEORETICAL ANALYSIS
To understand the role of tit-for-tat strategy
better, we here present a brief theoretical analy-
sis. For the convenience of analysis, we rewrite
Eq. (1) and Eq. (7) in a unified framework
θ˙i = ωi+λ
N∑
j=1
Cij sin(θj − θi), i = 1, . . . , N
(8)
with λ > 0. For Case I, we have Cij = Aij = 1
when node i is a conformist and Cij = −Aij =
−1 when node i is a contrarian. For Case II, we
always have Cij = Bij . We follow the Ref.
8 to
introduce a local order parameter ri to quantify
the coherence of the inputs to a given node i,
which is defined by
rie
iΨi =
N∑
j=1
Cij〈e
iθj〉t, (9)
where 〈· · · 〉t denotes a time average. The right
side of Eq. (9) can be divided into two parts:
one from the conformist neighbors and the other
from the contrarian neighbors. Thus, we rewrite
Eq. (9) as
rie
iΨi =
∑
j∈conformists
Cij〈e
iθj〉t+
∑
j∈contrarians
Cij〈e
iθj〉t
(10)
The links of conformist-contrarian are the
key elements in Eq. (10) as the tit-for-tat strat-
egy is applied only on them. We here take the
case of P = 1 as an example. For Case I, we
first discuss the case of a conformist node i. Be-
fore using the tit-for-tat strategy, all the Cij in
Eq. (10) are positive. After using the tit-for-tat
strategy, the Cij in the second term of the right
side of Eq. (10) will become negative. The com-
petition between the two terms in the right side
of Eq. (10) will depend on their phase differ-
ences, which can be reflected by the link frus-
tration of Eq. (5). To figure out the phase dif-
ferences, Fig. 9(a) shows the evolution of the
link frustration fij with P = 1 for several typi-
cal links of conformist-contrarian in the ER net-
work. From Fig. 9(a) we see that after the tran-
sient process, all the fij will become approxi-
mately −1, implying that the two terms in the
right side of Eq. (10) will have a phase differ-
ence pi. That is, the two terms in the right side of
Eq. (10) become two synchronized groups with
a phase difference pi. Considering one more fact
that the values of Cij in the two synchronized
groups are ±1, we see that the negative Cij and
the phase difference pi in the second term of the
right side of Eq. (10) will make it have the same
positive contribution as the first term of the right
side of Eq. (10), and thus enhance the local or-
der parameter ri.
The enhanced ri will then make the ri of a
contrarian node i increase. That is, all the ri
will increase with P . In the global level, the
order parameter R can be expressed as8
R =
∑N
i=1 ri∑N
i=1
∑N
j=1 |Aij|
(11)
Thus, the enhanced ri will makeR increase with
P , which explains the numerical results of Fig.
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FIG. 9. (color online). Evolution of the link frus-
tration fij for several typical links of conformist-
contrarian in the ER network when P = 1. (a) fij
versus t for Case I. (b) fij versus t for Case II.
1.
ForCase II, we first discuss the case of a con-
trarian node i. Before using the tit-for-tat strat-
egy, the Cij in the first term of the right side of
Eq. (10) is positive while the Cij in the second
term of the right side of Eq. (10) is negative.
After using the tit-for-tat strategy, the Cij in the
first term of the right side of Eq. (10) will be-
come negative, i.e. all the Cij in Eq. (10) are
negative now. To figure out the phase differ-
ences between the two terms of the right side
of Eq. (10), Fig. 9(b) shows the evolution of the
link frustration fij with P = 1 for several typi-
cal links of conformist-contrarian in the ER net-
work. From Fig. 9(b) we see that after the tran-
sient process, all the fij will become approxi-
mately +1, implying that the two terms in the
right side of Eq. (10) will have no phase differ-
ence. That is, the two terms in the right side of
Eq. (10) become one synchronized group and
thus have the same contribution to the synchro-
nization, which enhances the local order param-
eter ri. The enhanced ri will then make the ri
of a conformist node i increase. That is, all the
ri will increase with P and thus make R of Eq.
(11) increase with P , which explains the numer-
ical results of Fig. 5.
V. DISCUSSIONS AND CONCLUSIONS
Although all the above discussions are based
on ρ = 0.25, we find that the obtained results
also work for other ρ. To show this point in de-
tail, we let g be the ratio between the contrarians
and conformists, which gives g ≡ ρN
(1−ρ)N
= 1
3
for ρ = 0.25. Figure 10 shows how g influences
R,R1 andR2 where the “squares”, “circles” and
“triangles” represent the cases of g = 1/3, 1/2
and 1/1, respectively, and (a)-(c) denote the
Case I and (d)-(e) denote the Case II. From Fig.
10 we see that all the three quantities R,R1 and
R2 increase with P , no matter it is the Case I or
Case II. Thus, the tit-for-tat strategy also works
for other g or ρ. On the other hand, from Fig.
10 we notice that all the curves with g = 1/3
are above than that of g = 1/2 and then both of
them are above that of g = 1/1, indicating that
R,R1 and R2 decrease with the increase of g.
The strategy of tit-for-tat is widely used in
animal and social competition and is proved to
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FIG. 10. (color online). How the ratio g between the
contrarians and conformists influencesR,R1 andR2
where the “squares”, “circles” and “triangles” repre-
sent the cases of g = 1/3, 1/2 and 1/1, respectively,
and (a)-(c) denote the Case I and (d)-(e) denote the
Case II.
be an efficient way to reach a result of coopera-
tion. The explanation of its microscopic mech-
anism results in a famous minority game the-
ory based on payoff. In this paper, we first
time apply this strategy to the networked sys-
tems of coupled oscillators. We reveal that the
tit-for-tat strategy takes effect through two ele-
ments of the links of conformist-contrarian, i.e.
the phase difference and symmetry of the two
couplings. The degree of the variation of these
two elements will result in different order pa-
rameter R for synchronization. This finding is
of meaningful in explaining how the neurons
network with excitable and inhibitory neurons
implements a diversity of cognitive processes,
which is closely related to the degree of syn-
chronization.
We notice from both Fig.3 and Fig.7 that the
value of F for the links of contrarian-contrarian
is approximately zero when P > 0.5, indicating
that the phase difference between two contrari-
ans is about pi/2. This result tells us that a con-
trarian is always repulsive and thus it is difficult
to reach a complete synchronized group of con-
trarians with R2 = 1. Therefore, an effective
way to increase R is to reduce the fraction of
contrarian-contrarian interaction, i.e. avoiding
two contrarians to be the nearest neighbors.
In conclusions, we have studied the synchro-
nization of a networked system with both posi-
tive and negative couplings. We reveal that the
negative role of repulsive oscillators to synchro-
nization can be effectively reduced by applying
a tit-for-tat strategy. Two kinds of negative cou-
plings are considered and it is found that the tit-
for-tat strategy works for both of them. The un-
derlying mechanism is to use the tit-for-tat strat-
egy to against the phase difference of the links
of conformist-contrarian and thus increase the
synchronization. This result may provide new
insights to the diversity of cognitive processes.
This work was partially supported by the
NNSF of China under Grant No. 11135001 and
973 Program under Grant No. 2013CB834100.
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